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The diameter of a group is the length of the longest product of generators 
required to reach a group element. We show that the diameter of a permutation 
group of degree n generated by cycles of bounded degree is O(n’). This bound is the 
best possible. Additionally, such short products can be found in polynomial time. 
The techniques presented here may be applied to many permutation-group puzzles 
such as Alexander’s Star, the Hungarian Rings, Rubik’s Cube, and some of their 
generalizations. 1 1987 Academic Press. Inc. 
1. INTRODUCTION 
Membership in a permutation group on n letters that is presented by a 
generating set can be determined in polynomial time (Sims (1970); Furst, 
Hopcroft, and Luks (1980); Jerrum (1982)). Furst, Hopcroft, and Luks 
(1980) showed that in polynomial time a polynomial-length straight line 
program can be found which will express a given permutation as a product 
of generators. The representation as a straight line program has polynomial 
length, even though the actual product, written out, may not. Even and 
Goldreich (1981) found that recognizing the length of the shortest product 
of generators equal to a given permutation is NP-Hard. Jerrum (1983) 
showed this problem to be complete for polynomial space, strongly 
suggesting that there is no general polynomial-length representation for 
shortest generator sequences. In this paper we study the problem of deter- 
mining when a permutation group on n letters, generated by a given set of 
permutations, has the property that every element of the group can be 
expressed as a short, polynomial-length, product of the generators. We also 
show how, in some interesting cases, such products can be found in 
polynomial time. 
If g,, g, ,..., gi are permutations, then (g,, g, ,..., g;) is the group 
generated by the permutations, i.e., the set of all permutations that can be 
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expressed as a product of the gj. The diameter of a permutation group 
given by generators g,, gz,..., g, is the least integer k such that every per- 
mutation in the group can be expressed as of product of the gj with length 
less than or equal to k. 
It is easy to construct group presentations that have the property that 
some permutations can only be written as non-polynomial length products. 
For example, consider the single permutation 
g= (1 2)(3 4 5)(6 7 8 9 lo)-.. (... n) 
in which the length of the ith cycle is the ith prime number. The group 
G=(g) has order p,pZ”‘pk, where p, is the ith prime. Since every 
element of G has a unique description as g’, for minimal i, and G has super- 
polynomial order, G does not have polynomial diameter. 
A group generated by permutations of low order may also have non- 
polynomial diameter. Consider the group D, the direct product of the sym- 
metries of distinct regular polygons of sizes pl, p2,..., pk. The group D is 
generated by two permutations: a, the product of k reflections (one for 
each poly’gon) and b, also the product of k reflections, but along different 
axes. Since both generators have order two, every product is of the form 
(ab)'(a + 1). Thus, some permutations in D will not have polynomial length 
products, even though no generator has order greater than two. 
In the above examples the generating permutations all had degree 
roughly n. Driscoll and Furst (1983) conjectured that if generators are con- 
strained to act nontrivially on at most a constant number of letters then 
the groups they generate have polynomial diameter. McKenzie (1984) has 
since shown that the diameter of such a presentation is at most O(nzd), 
where d bounds the degree of the generators. It is not known whether this 
bound is tight. 
In this paper we examine groups that are generated by cycles of bounded 
degree. We show that such groups have O(n’) diameter, and that O(n*) 
length products for any permutation in such groups can be found in 
polynomial time. 
The techniques we develop will show how to express one permutation as 
a short product of others. They apply to situations which include Rubik’s 
Cube and Alexander’s Star. Some of these techniques have been used by 
Kornhauser, Miller, and Spirakis (1984), who showed how to solve 
generalizations of Sam LLoyd’s 15-puzzle efficiently and proved a sub- 
exponential bound for certain unbounded cycles. 
We assume the reader is familiar with the basic concepts in the theory of 
finite permutation groups (see Hall (1959) or Wielandt (1964)). 
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2. EXPRESSIBILITY AND DIAMETER 
A permutationp in a group presented by generators g,, g2,..., gi is k- 
expressible, k 2 0, if it can be written as a product of at most k generators, 
i.e., p = gi, giz . . .g, with r < k. The diameter of a group presented as 
G = (g,, g2,..., g,), diam(G), is the least integer k such that every per- 
mutation in G is k-expressible. Another way to say the same thing is to say 
that diam(G) is the graph-theoretic diameter of the Cayley graph f(G). 
The Cayley graph is the graph whose vertices are the elements of G, with 
edges between vertices p and q iff pg, = q, for some generator gj. 
The diameter of a group is very dependent on presentation. The direct 
product of the dihedral group of symmetries of polygons (as in the 
introduction) may have non-polynomial diameter, polynomial-diameter, or 
even constant diameter depending on presentation. It is a fact that every 
permutation group of degree n can be generated by a set of cardinality less 
than n2 such that the group has diameter n or less. An example of such a 
generating set is a system of coset representatives for Gi+ 1 in Gi, i 6 n, 
where Gj is the subgroup of G that leaves fixed the letters (1,2,..., i). The 
number of cosets in Gi/Gi+ , is at most n - i since two permutations are in 
the same coset iff they fix the letters (1,2,..., i). and they both send i + 1 to 
the same letter. Since G can be represented as (G, _ ,/GM) 
(G,- 2/G,P ,) ... (Go/G,), any permutation of G can be expressed as a 
product of coset representatives with length n. A more succinct generating 
set (of size n) is given by Jerrum (1982). 
Although some groups have either large or small diameter depending on 
the generating set, it is not known whether diameter may be expressed as a 
property of group structure. For instance, the authors conjecture that every 
presentation for the symmetric group S, has diameter O(n’). All the known 
examples of groups with non-polynomial diameter are not transitive. It 
would be interesting to know if there are transitive groups with large 
polynomial, or even non-polynomial diameter. 
Let H be a subgroup of G = (g,, g*,..., g,). The diameter of the sub- 
group H is the least k such that every permutation of H is k-expressible in 
the generators of G. The diameter of the quotient G/H is the least k such 
that every coset of G/H has a k-expressible representative. Lemma 1 gives a 
simple relationship between these quantities. 
LEMMA 1. Zf H E G, then diam( G) < diam( G/H) + diam( H). 
Proof. Let p be an element of G and let q be an element of the coset Hp 
that is diam(G/H)-expressible. Then PE Hq, and p = hq for some he H. 
Since h is diam( H)-expressible, p = hq is diam( H) + diam( G/H)- 
expressible. i 
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3. GENERAL TECHNIQUES AND OBSERVATIONS 
It is often convenient to think about expressibility problems as though 
the generating set was given as a set of actions on a combinatorial object. 
In this context a product of generators that expresses a permutation is a 
sequence of moves that take the object through a sequence of con- 
figurations to some goal. 
LEMMA 2. If HE G, then diam(G/H) < [G: H]. 
Proof: Let p be a permutation in a coset Hx, and let p1p2 “‘pi be a 
product of generators expressing p. Consider the partial products p,p2.. .pk 
for 0 d k < j. Each of these products corresponds to the state of some 
physical device on its way to the desired coset. If it passes through the same 
coset more than once, then the sequence of moves is not optimal. More for- 
mally, ifj> [G: H] then there must be two partial products plpz “.pr and 
PIPZ”‘P, “‘p, that express permutations in the same coset. The sub- 
product pr+ Ipr+ 2.. ‘pS is unnecessary, and the shorter product 
PlP2”‘PrPs+l” . p, elso expresses a permutation in the coset Hx. (If x and 
y are in the same coset, then so are xz and yz.) By this argument, every 
coset is k-expressible for k < [G: H] and thus diam(G/H) < [G: H]. 1 
Given a membership test for H, a [G: HI-expressible coset represen- 
tative can be easily found. Build, in a depth first manner, the graph which 
has cosets as vertices, an edge labelled gj from a coset Hx to Hy iff 
.xgj E Hy, for some generator gi. The product of the generators labeling the 
shortest path from the vertex H to an arbitrary vertex Hx is a represen- 
tative of the coset Hx. The length of the product is at most [G: H], since 
there are exactly [G: H] vertices in the graph. If [G: H] is bounded by a 
polynomial and there is a polynomial-time membership test for H, then the 
product can be found in polynomial time. 
The alternating and symmetric groups contain permutations of low 
degree, but conversely, the following lemmas show that any primitive 
group that contains a permutation of sufficiently low degree is alternating 
or symmetric. Proofs may be found in Wielandt (1964). 
LEMMA 3 (JORDAN). A primitive group that contains a 3-cycle is either 
alternating or symmetric. 
LEMMA 4 (MARGGRAF). Let G be a primitive group of degree n. If there is 
a transitive subgroup G, with degree <n/2, then G is alternative or sym- 
metric. 
From these we can show that every permutation in the Cayley graph of a 
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primitive group is not much farther away from the identity than is any 
3-cycle. 
THEOREM 5. Zf G is A,, or S, and contains a k-expressible 3-cycle, then 
the diameter of G is O(kn + n4). 
ProoJ Let t be the k-expressible 3-cycle. Any other 3-cycle s in G is 
conjugate in t, i.e., s =p- ‘tp, for some permutation p that takes the letters 
of t to the letters of s. In fact, if G, is the subgroup fixing the letters that t 
moves, p could have been any permutation in the coset G,p. By Lemma 2 
there is a representative of that coset that is [G: G,] = O(n3)-expressible. 
Consequently, an arbitrary 3-cycle s =p-ltp is O(k + n3)-expressible. An 
even permutation can be expressed as a product of n/2 or fewer 3-cycles, so 
the even permutations are O(kn +n4)-expressible. If there is no odd 
generator then G is alternating, otherwise the even permutations can be 
written as a product of this odd generator and an even permutation. 1 
EXAMPLE. Consider generating sets that consist of cycles that pairwise 
intersect in at most one letter. Such groups have O(n”) diameter. In par- 
ticular, let G be a group with the generators a = (1 2 3), b = (3 4 5 6) and 
c = (7 8). G is not transitive, but the orbits of G correspond to a partition 
of the generators of G. The diameter of G is therefore equal to the sum of 
the diameters of the orbits. If an orbit is generated by a single cycle, in this 
case c, then its diameter is O(n). 
It is an easy exercise to prove that an orbit generated by more than one 
cycle is primitive. Such an orbit also contains a 3-cycle, one of which is the 
commutator aba-‘b-’ = (2 3 6). In general, if two cycles p and q act on 
exactly one common letter, the commutator is a 3-cycle. From Theorem 5, 
we may conclude that the diameter of G is O(n4), since the diameter of 
each orbit of degree m is O(m4). 
EXAMPLE. The permutation-group puzzle Alexander’s Star has as 
generators cycles of live plastic blocks such that each pair of cycles intersect 
in at most one block. If the orientations of the plastic blocks are ignored, 
then the group determined by Alexander’s Star is a member of the class of 
groups just discussed, and the O(n4) diameter bound applies to it and its 
generalizations. However, if the orientation of each block is considered, 
then the Alexander’s Star group is not primitive, as the plastic blocks 
correspond to blocks of imprimitivity. Later we develop techniques that 
make it possible to extend this bound to this case. 
Suppose that you can easily reach all the cosets of G/H. Can the remain- 
ing elements of G be much farther away? The following lemma shows that 
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the diameter of G is no more than a factor of 0( [HI) greater than the 
diameter of G/H. For example, suppose that some permutation group puz- 
zle with degree n can be solved, except for the position of the last 4 faces, in 
k moves. That is, diam(G/G,,+,) = k. By the following lemma, the remain- 
ing 4 faces can be solved in O(k) moves, since 1 G,, ~ 4 I is a constant. 
LEMMA 6. Let G be presented as (g,, g, ’ , gz, g,’ ,..., gi, g,:’ ) such that 
the inverse qf each generator is also a generator, and let H he a subgroup oj 
G. Then diam( G) = 0( 1 HI ) . diam( G/H). 
Proqj: Take p=p,p2... pi to be a product of generators that expresses 
a permutation of H. We transform this into a product of no more than 
1 HI - 1 permutations each of which is (2. diam(G/H) + 1 )-expressible. Sup- 
pose that the partial product p,p: “‘pl, , is in the coset Hc,~ , and 
p, p? .pk is in the coset Hc,, where ck , and ck are diam(G/H)- 
expressible coset representatives. For each k, replace pk by pi = ck _ lpk~k l 
to get a new product p’=p~p~~~~p~=(cop,c;‘)(c~p2c~*)~~~(cj~,pjc,~1), 
where c0 and ci are taken to be the identity. Obviously p =p’, and further, 
each partial product p’, pi.. . pi expresses a permutation in H. If two partial 
products p’, pi ...p: and pip;... pt.. .pi. express the same permutation, 
then the shorter product p’, pi. . .p: p: + , . . pi does also. By an induction 
on the number of such equal partial products, there is an equivalent 
product with length at most 1 HI. Since each ph is of the form cli- ,gc, I, 
each is (2 diam (G/H) + 1 )-expressible. Thus any permutation in H is 
(21 HI . diam (G/H) + 1 )-expressible. Every permutation in G is in some 
coset Hx, where x is diam (G/H)-expressible, so the diameter of G is no 
more than ((2lH( + l).diam(G/H)+2[HI). 1 
4. GROUPS GENERATED BY CYCLES OF BOUNDED DEGREE 
Groups that are generated by bounded degree permutations have O(n2d) 
diameter, where d is the maximum degree of the permutations in the 
generating set (McKenzie (1984)). In this section, we consider the case 
of bounded degree cycles and prove that the groups they generate have 
O(n2) diameter. This bound is the best possible since the group 
{ (1 2) (2 3),..., (n - 1 n)} has O(n’) diameter. 
If a group has cyclic generators, then it has the useful property that its 
orbits are generated by a partition of its generators. This partition 
corresponds to the connected components of the intersection graph of a 
generating set, Z(g,, g2,..., gi), which is the graph with generators as ver- 
tices, and an edge between two generators if and only if they move a letter 
in common. 
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LEMMA 7. Let c,, cz,..., ci be cycles. The connected components of 
9 = Z(c,, cz,..., ci) are in one to one correspondence with the non-trivial orbits 
of G= (c,, c2 ,..., ci). 
Proof. Let CL and fi be two letters moved by the cycles (vertices) ciO and 
cjk, respectively, such that cjO and cjk are in the same connected component 
of I. Let cjO, cj ,,..., cjk be a path from cjO to cjk in I. By an induction on k, 
there is a permutation p of the form c;ci: . . . c: with LX* = 8. Conversely, 
suppose a and /I are in the same orbit of G with cjO and cjk acting on a and 
/?, respectively. Let p = cjOcj, . . . cjk be a shortest product such that tx* = /I. 
The product is also a path in I, so the cycles cj,, and cj& are in the same 
component of I. 1 
Thus, there is an effective way to find generators for the orbits of a group 
generated by cycles. Build the intersection graph and find the connected 
components. The generators of each component are generators for each 
orbit. The diameter is exactly the sum of the diameters of the orbits. From 
now on we will consider transitive groups generated by cycles with degree 
bounded by a constant d. A cycle of order <d is called d-cyclic. The 
primitive and imprimitive cases are handled separately. 
4.1 THE PRIMITIVE CASE 
In the primitive case, G is either alternating or symmetric for n 2 2d + 1. 
If the degree of G is < 2d+ 1 then the diameter of G is a constant, 
therefore, we may assume that G is alternating or symmetric. 
The main result in this section is that only a constant number of the 
generators of G are responsible for its primitivity. The rest are only 
required for transitivity. This fact will be used to find O(n)-expressible 
generators for a special subgroup H, that has constant degree and is alter- 
nating or symmetric. The generators of H will consist of easily expressed 
conjugates of those generators that insure primitivity, together with enough 
generators to make the degree of H sufficiently large to insure that it is 
alternating or symmetric. 
The subgroup H will be quite useful. Its diameter with respect to its 
generators is a constant, and with respect to the generators of G is O(n). 
Since H is alternating or symmetric, it will contain a 3-cycle that is O(n) 
expressible. This means (Theorem 5) that the diameter of G is O(n4). Even- 
tually we show how this bound may be reduced to O(n’) by using the sub- 
group H to get diam (G/G,) = O(n), for any constant k. 
THEOREM 8. Let G= (c,, c2,..., ci) be generated by d-cyclic permutations 
cj. If G is primitive and has degree at least 2d + 1, then G contains a sub- 
group H such that: 
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(i) 2d+ 1 d degree(H) < d2, 
(ii) H is alternating or symmetric, and 
(iii) H has O(n) diameter. 
Proof: Since G is transitive, the intersection graph f = Z(c,, c~,..., ci) 
must be connected (by Lemma 7). Let T be a spanning tree of the intersec- 
tion graph X. The following procedure successively removes cycles from 
the generating set made up of vertices of T and adds conjugates of some 
cycles to a set S such that H = ( T u S) is always primitive and of degree 
> 2d. When the procedure terminates, the set S will consist of conjugates 
of cycles that are “special” in the sense that they play a central role in what 
makes G primitive. The set S is not necessarily unique; the set found by the 
algorithm depends on the spanning tree that is chosen: 
set S=@; 
whiledegree((TuS))>3dand T#{) do 
let cj be a leaf of T 
set T+ T- {cj} 
if (Tu S) is imprimitive then 
let a be a letter on the root cycle c1 
let h be a letter on the cycle cj 
let n be U(n)-expressible from the 
members of T such that b” = a 
set SC su {7c’Cj7c} 
The above procedure terminates. When it does, the subgroup 
H = (Tu S) has degree between 2d + 1 and d2 inclusive, is primitive (and 
hence alternating or symmetric), and has O(n) diameter. Termination 
follows from that fact that in each iteration the cardinality of T decreases 
by one. The group ( Tu S) is transitive at every state because the removal 
of a leaf of T (which is also a leaf of I( T u S)) leaves Z( T u S) connected, 
and by (Lemma 7) the corresponding group is transitive. If the removal of 
a leaf cj causes ( Tu S) to be imprimitive then the addition of the con- 
jugate n P1cjz to S restores primitivity (since it is now the same group as 
before the removal) and the intersection graph of Tu S is still a tree rooted 
at cl. Thus (Tu S) is also primitive at each stage. Since the removal of a 
cycle decreases the degree of (T u S) by at most d - 1, the degree (T u S) 
is > 2d. From Lemma 4 we know that (Tu S) is either alternating or 
symmetric since it has degree at least 2d + 1 and each generator is a cycle 
acting on no more than d letters. 
The subgroup H ( = (Tu S) at termination) has degree 6 d2 since the 
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number of cycles that can be added to the set S is at most d. Each time a 
conjugate cycle ~-‘c~n is added to S, it is because it “breaks up” blocks of 
some size k that would exist without the cycle. No other cycle will need to 
be added to S to break up blocks of size k since ~‘cj~ does not permit 
blocks of that size. As there are certainly no more than d divisors of d (the 
potential sizes of blocks), the number of cycles added to S to restore 
primitivity is at most d. 
The subgroup H has O(n) diameter since its degree, and hence its order, 
is constant, and its generating set is O(n) expressible. 1 
Generators for the subgroup H can be found in polynomial time since 
the loop is executed at most once for each cycle and every operation in the 
loop can be performed in polynomial time. (See Jerrum (1982) for an 
efficient primitivity test.) 
COROLLARY 9. Let G = (c,, c2 ,..., ci> be generated by d-cyclic per- 
mutations. If G is primitive and has degree at least 2d + 1 then, for any con- 
stant k with d2 < k < n - d, there is a subgroup H as above with degree 
between k and k + d. 
Theorem 8 shows that G contains is an O(n)-expressible 3-cycle, 
therefore implying an O(n4) diameter, as in Theorem 5. The following 
theorem, together with Theorem 8, shows that an arbitrary 3-cycle is O(n)- 
expressible, which improves the diameter bound to O(n2). 
THEOREM 10. Let G = (cl, c2 ,..., ci) be a primitive group generated by 
d-cyclic permutations. If k is a constant, then diam(G/G,) = O(n). 
Proof: If the order of G is less than or equal to k + d, we are done since 
/Cl is a constant. Therefore, assume that ICI > k + d. Let H be a subgroup 
of G, as in Corollary 9, that moves at least k + d letters. Let S be the set 
that H moves. We know that H is alternating or symmetric and has O(n) 
diameter. 
First we show (by induction on k) that there exists an O(n)-expressible 
permutation p that sends { 1, 2,..., k} into the set S. If k = 1 then either 
(11 c S or there is an obvious O(n) expressible permutation p such that 
lP E S (Lemma 2). Assume that there exists an O(n)-expressible per- 
mutation p that maps ( 1,2 ,..., k - 1 > into S. Let h,, h2 ,..., h, be generators 
for the subgroup (as constructed by Corollary 9). Let 3 be the intersection 
graph of {hl,h2,.-.,A,} { u ci, cq ,..., cj}. Let & be the subgraph of 9 
induced by {h,, hz,..., h,}. Let v be any vertex of 3 which, as a per- 
mutation, moves the letter k. Consider the shortest path vu, v2.. . vI- iv, in 
3 such that v, E {h,, h, ,..., h,}. Only vertices v,- r and vI move letters in S, 
for otherwise there would be a shorter path. 
The group V generated by the vertices v, , Us,..., v,- , moves no more than 
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d letters of S and is transitive (Lemma 7). Let T be the subset of S on 
which V moves. The set S\T has cardinality at least k. Let q be an O(n)- 
expressible permutation of H that sends { 1, 2,..., k - 1 } p (a subset of S) to 
aT. Then the permutation pq sends { 1,2,..., k - 1 } to S\T. 
Let r be an O(n)-expressible permutation of I’ (Lemma 2) that sends k 
into T. The permutation pqr is the O(n)-expressible permutation that sends 
{ 1, 2,..., k} to S (note that pq and r move no letter in common). 
The cosets of G/Gk correspond to the possible permutations of the letters 
1,2,..., k. Consider a coset G,x. Every permutation in the coset sends 1 to 
l”, 2 to 2”,..., and k to k”. Let p be the O(n)-expressible permutation that 
sends 1,2,..., k to S. Let q be the O(n)-expressible permutation that sends 
l”, 2’,..., k-’ to S. Let r be the O(n)-expressible permutation of H that sends 
1 p to lJy, 2p to 2.“‘,..., and kP to k’q. The permutation prq-’ sends 1 to l-‘, 
2 to 2”,..., and k to k”. It is an O(n)-expressible representative of the coset 
G/J. I 
THEOREM 11. If G is a primitive group generated by cycles of bounded 
degree by d, then diam(G) = O(n*). Moreover, an O(n’)-length product 
expressing a permutation in G can be found in polynomial time. 
Proof Assume that the degree of G is at least d+ 3 (otherwise the 
diameter of G is bounded by a constant). Let t be an O(n)-expressible 3- 
cycle of the subgroup H of Theorem 8. From Theorem 10, there is an O(n)- 
expressible permutation q that sends the letters of the 3-cycle t to any set of 
three letters. Thus, an arbitrary 3-cycle can be written as q-‘pq, which is 
O(n)-expressible. Since any permutation can be written as a product of 
O(n) 3-cycles, and possibly an odd generator, we may conclude that 
diam( G) = O(n’). This product can be found in polynomial time, since (1) 
generators for H can be found in polynomial time, (2) products expressing 
permutations of H can be found by exhaustive search (recall H has con- 
stant order), and (3) the method of Theorem 10 can be carried out in 
polynomial time. m 
4.2. The lmprimitive Case 
Suppose that G is an imprimitive group generated by d-cyclic per- 
mutations. The blocks of G are blocks of the generators, and consequently 
are all of constant size. The generators act on the blocks as cycles, i.e., if 
the blocks are “collapsed” to single letters, the generators act on them 
cyclicly. If G, is the group that stabilizes the block system 9, that is for 
every block B and every p E G,, BP = B, then G/G, is the group that acts 
on the blocks as points. In the case of Rubik’s Cube, G/G, corresponds to 
the positions of the cube without regard to the orientation of the physical 
blocks. If B is a minimal block system, then G/G, is primitive. Moreover, 
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its generators are cyclic and of bounded degree, so the diameter of G/G,# is 
O(n*) (Theorem 11). The problem remains to arrange the letters of 
individual blocks, i.e., to reach the permutations of G,. 
While it is possible to easily express low degree permutations in the 
quotient through Theorem 11, the actual degree of the permutation can be 
quite high. This is because a block that is setwise fixed is not necessarily 
pointwise fixed. The following lemma provides a method to manipulate the 
blocks while pointwise fixing a distinguished block. 
LEMMA 12. Let G = (g, , g2,..., gi> he an imprimitive group generated by 
d-cyclic permutations, and let $8 be a minimal block system of G with a dis- 
tinguished block B. There is a 3-cycle (on blocks in 28) that, additionally, 
pointwise fixes the letters of B and is O(n)-expressible. 
Proof Assume that there are a sufficient number of blocks so that the 
quotient is alternating or symmetric (otherwise the group is of constant 
degree and diameter). Let 59 be the set of generators for G. We will obtain a 
set of generators $9’ from 9 such that 9’ generates a group that is alter- 
nating or symmetric on the blocks, and leaves the distinguished block B 
pointwise fixed. 
Set $9 to be the set of generators g of 59 which do not move letters of B. 
For each gE9 that moves letters of B choose any O(n)-expressible per- 
mutation pn which sends B to some other block B’, and fixes (setwise) the 
blocks other than B that g moves. Observe that p;‘gpg pointwise fixes B. 
Let 9’ contain, as well, the permutation p; ‘gp,, for each such g. 
If the group (8’) is transitive and is primitive on the blocks of g, then 
a 3-cycle on blocks can be obtained from the subgroup H as in Theorem 8. 
The advantage of this 3-cycle over one obtained by directly appealing to 
Theorem 8 is that the former must pointwise stabilize B, whereas the latter 
need only setwise stabilize B. Although the generators of 9’ are O(n)- 
expressible, the diameter of the subgroup H (of Theorem 8) is O(n), and 
thus the 3-cycle is O(n)-expressible. This is because the conjugate 
generators that are added to the generating set of H by the procedure of 
Theorem 8 can be formed using the original generators of 5%“. 
However, (9’) need not be primitive on the blocks of 99. It might not 
even be transitive. Suppose it is not transitive. Take OL and /? to be letters in 
different orbits. Let g be a cycle of 9 that moves more than one block. Add 
to 59’ an O(n)-expressible conjugate p - ‘gp, such that p sends one block of g 
to the block containing a and it sends another block of g to the block con- 
taining p. (The conjugate should also leave fixed the distinguished block 
B.) The intersection graph of the new 9’ has one less connected com- 
ponent, so the group (9’) has one less orbit. By repeatedly adding such 
conjugates, (‘9’) will eventually be transitive. Suppose (99’) is not 
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primitive on the blocks of g. Let B, be a block of ?J that is contained in 
some larger block B, of (9’). Add to 59’ an O(n)-expressible conjugate 
p ~ ‘gp, such that p sends one block of g to B, and sends the other blocks of 
g anywhere but to the remaining blocks of B, or B. The conjugate is a wit- 
ness to the fact that B, is not a block, so the size of the blocks has been 
reduced. By repeatedly adding such conjugates, (9’) will eventually be 
primitive on the blocks of g. 1 
The number of possible permutations of a block of constant size b is 
asymptotically small. The letters in such a block can be in at most b! con- 
figurations and be in one of at most n/b blocks: a total of (b - l)!n possible 
permutations. Suppose p = p,pz . . ‘pi is the shortest product that permutes 
a block B in some desired way. Since the action of the partial product on B 
must be distinct, the lenght of the product is at most (b - l)!n = O(n). 
Such a short product can be found by doing a depth-first search of that 
graph that has the (b - 1 )!n permutations of the block B as vertices, an 
edge labeled gj from x to c’ if xgj has the same action on the block B as y. 
The product of the generators labeling the path from the identity vertex to 
the vertex corresponding to the desired permutation is the O(n)-length 
product. 
If, in addition to permuting the block B as desired, the product left every 
other block fixed, then it would be quite easy to arrange the blocks and 
reach any permutation in the group G,#. Although this, in general, is not 
possible, the following lemma shows how to make the degree of p fairly low 
without making the product too long. 
LEMMA 13. Let G be a group generating b-y d-cyclic permutations, and 
take B to be a block of a minimal block system. For every permutation of GB, 
the group stabilizing the letters of B, there is a corresponding permutation of 
G that has the same action on the letters of B, has constant degree, and is 
O(n )-expressible. 
ProoJ Take p = p ,p2.. ’ p, to be a product of generators that expresses 
some permutation on the block B. As above, assume that its length 
j = O(n). Consider the degree of each partial product. The degree of p1 is at 
most d, since the generators of G are d-cyclic, and in general the degree of 
the partial product plk = pIpz . . . pkr k <j is at most kd. If k is taken to be 
(n/d) - 1, then the degree of the partial product plk is at most n-d. Since 
the generators act cyclicly on the blocks, there are at least d letters left 
fixed. Let S be the set of letters left fixed. The set S contains at least d/lBl 
blocks. Let g be an arbitrary (d-cyclic) generator of G, and let p be an 
O(n)-expressible permutation that sends one block of g to BPLk and the 
remaining blocks to blocks left fixed by pLk. The set of letters moved by the 
conjugate g, =p- ‘gp and those moved by the partial product pik have in 
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common just the block IP. In much the same way as the commutator of 
two cycles intersecting in a single letter is a 3-cycle, the degree of the com- 
mutator c =PlkglP;rg;’ is at most 31B\, since it acts on at most 3 blocks. 
Additionally, c has the same action on the block B as the partial product 
p, , so the original product can be rewritten as p’ = cp, + ,pk + Z.. ‘pj. By 
repeating this process a constant number of times (recall 
k = (n/d) - 1 = O(n)), the product still has length O(n), but has constant 
degree. 1 
LEMMA 14. Let G = (g,, g, ,..., gi> be an imprimitive group generated by 
d-q&c permutations, and let 9 be a minimal block system for G. The 
diameter of G,#, the group stabilizing the block system, is O(n’). 
Proof: In order to reach a permutation in G,, we construct products 
that (1) permute individual blocks, as desired, and (2) leave all other 
blocks, except for a single designated block D, pointwise fixed. A product 
of O(n) of these O(n)-expressible permutations, one for each block, will 
arrange all of the blocks as desired. This will be an O(n’)-expressible per- 
mutation that has the desired effect, modulo its action on the designated 
block D. 
Let B be a block, and let p be the O(n)-expressible permutation (as in 
Lemma 13) that permutes it in the desired manner. Although p has low 
degree, it does not meet the desired criteria of pointwise fixing ail other 
blocks except for the block D. Let g be a d-cyclic generator of G, and let c 
be an O(n)-expressible conjugate of c that acts on the block B and the 
blocks X, , XZ ,..., X,, where the X, are blocks which are pointwise fixed by 
p. (If there are not enough, then G is of constant degree.) The commutator 
CI = cp ‘C ‘p permutes the block B as desired and leaves fixed all other 
blocks, except exactly one of the X,, say X,. Let r be a conjugate of a 3- 
cycle, as in Lemma 12, such that r is O(n)-expressible, it leaves B pointwise 
fixed, and it sends X, to D. The conjugate r ‘c’r meets all the 
requirements. 
The only thing remaining is to properly permute the letters in the final 
block D while leaving fixed all of the other letters. The subgroup of G that 
leaves fixed all but the letters of D is of constant order, since the set D is of 
constant size. By Lemma 6, these permutations may be reached by a 
product that is at most a constant times longer than a product expressing 
any permutation in the quotient. So the diameter of G/G, is O(n’). 1 
While the methods Lemmas 12 and 13 can be carried out in polynomial 
time, this is not obvious in the case of Lemma 14 because of its appeal to 
Lemma 6. The problem lies in finding products that express permutations 
in the group fixing all but the constant sized set D. These can be found in 
polynomial time by making use of the group membership algorithm of 
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Sims (1970) as analyzed in Furst, Hopcroft, and Luks (1980). Fill in the 
table of coset representatives with short products (using the methods of 
this section), except for the constant number of cosets that correspond to 
the permutations of D. After performing the “Close” operation, the empty 
cosets will be filled (if they actually exist) with products that are only a 
constant times longer than those initially placed in the table. 
Using Lemma 1 we may now conclude: 
THEOREM 15. Let G be an imprimitive group generated by d-cyclic per- 
mutations. The diameter of G is O(n2). Moreover, O(n2)-length products 
expressing permutations of G can be found in polynomial time. 
While the Alexander’s Star puzzle does not have generators that are 
cycles, the methods of this section do apply. This is because it is only 
required that the generators act cyclicly on the blocks and that the blocks 
be small. Theorem 15 also applies to a single orbit of Rubik’s Cube. 
5. TOWARDS ARBITRARY BOUNDED DEGREE GENERATORS 
In this section the constraint on the generating set is relaxed to include 
some generating sets that consist of poducts of cycles. This class includes 
the Rubik’s Cube puzzle. 
Let G and H be transitive groups generated by set of bounded degree 
permutations $? = {g,, g, ,..., gi} and Z = {h,, h, ,..., hi}, respectively, such 
that the letters S, moved by G are distinct from those letters S, moved by 
H. Let 59~2 be the set rg,h,,g2h2,...,g,h,}. The group J= (30%‘) has 
two orbits, corresponding to the sets S, and S,. 
EXAMPLE. Let +?= ((1 234)) and let Xc= ((1’2’3’4’)). In this case 
the group J = (Y 0 X) is isomorphic to G, since the action of a per- 
mutation in J on the set ( 1,2, 3,4} completely determines the per- 
mutation. Thus diam(J) = diam(G). 
EXAMPLE. Rubik’s Cube has two orbits. Its generators are all products 
of two cycles (modulo the action on the blocks), each acting on a different 
orbit. More specifically, the generators are products of odd cycles. Thus, if 
the action of a permutation on one orbit is odd, its action on the other 
orbit must also be odd. This means that the subgroup that fixes all of the 
letter of one orbit is at most alternating on the remaining letters. In the 
case of Rubik’s Cube, the action of this group on the blocks is the alter- 
nating group. 
Suppose G and H have sufficiently high degree to be alternating or sym- 
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metric or, if one or both are imprimitive, to be alternating or symmetric on 
a minimal block system. If the group fixing one orbit, say JSG, is the iden- 
tity (as in the first example), then the orbits can be described as tightly- 
coupled. A group is called loosely-coupled if J,, and J,, are alternating or 
symmetric on S, and S,, respectively, or they are alternating or symmetric 
in the minimal block systems of G and H. Rubik’s Cube is loosely-coupled. 
THEOREM 16. Let Y = {g,, g, ,..., gi} and X = {h, , h, ,..., h,} be sets of d- 
cyclic permutations such that the set of letters S, moved by the g, are disjoint 
from the set S, moved by the hi. If the groups G = (3 ) and H = (Z ) are 
transitive and the group J = (9 0 2 > is loosely-coupled, then J has 
pol.vnomial diameter. 
Proof: An arbitrary permutation of J will be reached by a short 
product in three steps: 
(1) Permute the letters of S, as desired, ignoring the action on S,. 
(2) Permute the letters of S,, while disturbing a constant number of 
letters of S,. 
(3) Restore the constant number of letters disturbed by step 2. 
Step 1 results in an O(n’)-expressible permutation (Theorem 15). Step 2 
can be done as follows. Replace each generator of J, gihi, by a conjugate 
p- ‘g,h,p, where p leaves fixed the letters of h, and sends the letters of g, to 
a distinguished set of letters (or blocks if G is imprimitive). The per- 
mutation p exists, since J is loosely-coupled, and p is O(n2”)-expressible 
(Lemma 3), since it is defined by its action on at most 2d letters, d in each 
orbit. The action on the letters of S, of each conjugate is identical to the 
original generator. However, each generator moves the same constant size 
set of letters from S,. Using this new set of generators, Step 2 can be 
accomplished with an O(n2. nZd) = O(n“‘+ 2)-expressible permutation 
(Theorem 15). By Lemma 6, Step 3 can be accomplished with an O(nzd+‘)- 
expressible permutation since there are only a constant number of let- 
ters. 1 
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